A simple analytical theory is developed for the description of the non-steady-state response of a thin nonlinear layer, which differs markedly in its linear properties from the surrounding medium. Such a layer can model the behavior of real inhomogeneities like a cloud of gas bubbles in a liquid, a crack or split plane in a solid, or the contact between two slightly tightened rough surfaces. Both weakly nonlinear pulse and harmonic responses are calculated and the general properties of the spectral and temporal structures of the scattered field are discussed. Exact strongly nonlinear solutions are derived for a special type of stress-strain relationship corresponding to the behavior of real condensed media under strong loads. Profiles and spectra shown conform with experimental results. The pulse response on the short ␦-pulse shaped incident wave is calculated for arbitrary nonlinear properties of the layer. The possibilities to apply the sets of data on measured characteristics of pulse response in the solution of inverse problems are briefly discussed.
I. INTRODUCTION
It is well known that a huge nonlinear acoustic response is obtained from liquids containing air bubbles. [1] [2] [3] The response indicates a magnitude of nonlinearity ⑀ for the gasliquid mixture of up to 10 3 , 1 which far exceeds the nonlinearity of homogeneous fluids. For example, water has (⑀ Ϸ3.5) and air has (⑀ϭ1.2). The high sensitivity of nonlinear testing has application in the detection of microbubbles, early in the development of boiling or in the detection of fermentation processes. The medical agent ''Albunex'' is used for nonlinear ultrasonic imaging of the blood flow; 4 similarly, nitrogen bubbles can be detected in the blood of divers.
The huge increase in nonlinear response of solids containing defects in their structure ͑cracks, loosely packed grains, pores filled in part by gas and liquid, dislocations, residual stresses, etc.͒ has found widespread use in the testing of composites, buildings, structural materials, industrial products, and rocks ͑see, for example, Refs. 5-9͒.
In the last few years new interesting aspects have sparked the interest in nonlinear nondestructive testing ͑NNDT͒. 10, 11 A review of experimental results on material characterization including nonlinear reflection methods, is given in Ref. 12. Needless to say, NNDT calls for the solution of inverse problem, i.e., the reconstruction of shapes, sizes, or other physical properties of inhomogeneities using measurements of the scattered field. In general, the inverse problem of NNDT can be related to nonlinear diffraction tomography. 13 However, supplementary a priori information is necessary for efficient solution of the inverse problem, which can result from the solution of direct problems on nonlinear transmission, reflection, or scattering. Unfortunately the set of available direct data leaves something to be desired.
As recent attention has focused on NNDT, extension of the known linear solutions to the corresponding nonlinear problems is a natural path to follow. The problem of normal incidence of a plane wave on a layer is one of the simplest and most important problems in the acoustics of layered media.
14 It attracts considerable interest for two reasons. First, it is rather simple, and one can look forward to obtaining the solution, which must be in analytical form. Second, the layer can serve as a model of a real nonlinear inclusion such as a cloud of bubbles in a liquid, or a region inside a solid with a high content of defects, or a resonant cavity in concrete, or a geological structure. However, the nonlinear problem is complicated, even if the nonlinear phenomena are calculated by the successive approximation method. The main difficulty is in the scattered field, which cannot be considered monochromatic. Even if the incident wave contains a single harmonic, higher ones will be generated in the layer. A more interesting problem is multifrequency incidence where one of the combination frequencies excites a resonant vibration of the layer. 15 Finally, it is easy to reach a well-defined nonlinear response with a high-intensity pulse signal acting on the layer.
II. GENERAL FORMULATION OF THE PROBLEM
The statement of the problem is illustrated in Fig. 1 . A plane layer with density 0 and sound velocity c 0 is placed between xϭ0 and xϭh. This layer is surrounded by another medium with density 1 and sound velocity c 1 . The relationship between the acoustical properties of both media can be arbitrary. Significant attention will be focused in the next sections on a soft and thin layer a͒ Electronic mail: claes.hedberg@ima.hk-r.se
Also, the nonlinear properties of the layer will be taken into consideration.
It is presumed that the geometric nonlinearity ͑see, for example, Ref. 15 , pp. 39-40͒ initiated from the structure of the equations of motion and continuity is small in comparison with the physical nonlinearity caused by the finite deformation of the layer. Therefore, these equations can be reduced to a linear connection between the variations of pressure p and density
must be nonlinear. Equation ͑3͒ can be algebraic, for example a power series in p, or a more complicated function which is necessary in the case of strong nonlinearity. If the medium has a ''memory,'' the Taylor series must be replaced by the corresponding functional expansion of VolterraFrechet type, 15 pp. 80-81. Other models, for example accounting for the hysteretic properties, can be considered by a simplified approach in ͑2͒, ͑3͒.
The acoustic field in the linear medium surrounding the layer can be written as the sum of two waves traveling in opposite directions. In the region I, ϪϱϽxϽ0, the field consists of incident p i and reflected p r waves ͑see Fig. 1͒ p
The field in the region III, xϾh, is formed by the transmitted wave
When the nonlinear properties of the layer are significant, both the reflected p r and transmitted p t waves will contain nonlinear components, p r (2) and p t (2) , respectively ͑see Fig.  1͒ .
The acoustic field inside the layer ͑region II in Fig. 1͒ is described by the nonlinear equations ͑2͒ and ͑3͒. In the linear approximation it consists of right-going p ϩ and left-going
The brief solution for the linear problem is given below to illustrate the mathematical technique and to derive the necessary formulas for the pulse response which will be useful for the nonlinear study. Because most of this work deals with nonlinear pulse waves, we will avoid Fourier analysis also when solving the linear problem.
III. LINEAR PULSE RESPONSE OF A LAYER
To calculate the temporal profiles of both reflected and transmitted waves, the fields in the three regions ͑4͒-͑6͒ must be sewed together. The pressures and velocities must be equal at both boundaries, xϭ0 and xϭh. These boundary conditions lead to the functional equations
used in the calculation of the unknown profiles p r , p t , p ϩ , and p Ϫ . The incident pulse p i (t) is assumed to be known. The solution of the system ͑7͒-͑10͒ is easily found
A symbolic operator-form representation is used, where
and e D is a standard shift operator
The acoustic pressure field inside the layer ͑4͒ equals
For a single harmonic spectrum, p i ϭA i exp(Ϫit), the operators rearrange into FIG. 1. Layer (0ϽxϽh), surrounding medium, and waves taken into account at the formulation of the problem.
and the solution ͑17͒ takes the common form
͑19͒
At significant difference in impedances, Ӷ1 or ӷ1, the resonant properties of the layer are clearly defined at 0 hϭn, hϭn
The response of the layer is larger for the frequency components of the incident spectrum satisfying the condition ͑20͒.
A resonant behavior of a layer is favorable in the generation of new nonlinear frequencies. However, this problem calls for an extended and special investigation which is beyond the scope of the present work. On the other hand, NNDT often deals with nonresonant inclusions, which are small in comparison with the wavelength. To solve this important group of problems, a special limiting case of Eqs. ͑11͒-͑15͒ must be considered. Namely, both the ratio of impedances ͑1͒ and wave thickness of layer h/c 0 must simultaneously be small parameters. None is infinitesimally small, because the ratio c 0 /h can be arbitrary in its magnitude. For such a thin inhomogeneity the solution ͑11͒-͑15͒ can be simplified with account for the inequalities ͑1͒
The most important properties of the response of a thin layer are the following ones. The profile of the transmitted pulse equals
It follows from ͑23͒, that h/2c 0 plays the role of ''relaxation time'' of a layer. The combination h/2c 0 ϭa Ϫ1 used later can be considered as a normalized relaxation time. The reflected pulse is calculated by the formula p r ͑ t ͒ϭϪ h 2c 0 dp t dt ϭp t Ϫp i . ͑24͒
One can see that the solutions ͑23͒ and ͑24͒ satisfy the energy conservation law for pulse response, namely
The fulfillment of the condition
means, in particular ͑at nϭ1͒, that the forms of reflected and transmitted pulses are orthogonal to each other. The profiles of right-and left-going waves in the layer are equal, p ϩ (t)ϭp Ϫ (t). The inner acoustic field
has the same time wave form as the transmitted pulse. The profiles of the transmitted p t and reflected p r pulses are shown in Figs. 2͑a͒ and ͑b͒ for different values of the parameter aϭ2c 0 t 0 /h equal to 0.2, 0.5, 1, 2, and 5. Here, t 0 is the duration of the incident pulse of rectangular form shown by the dashed line in Fig. 2͑a͒ . It is significant that both the leading and the tail fronts of the monopolar transmitted pulse are smoothed out. On the other hand, the leading fronts of both negative and positive sections of the bipolar reflected pulse are as steep as the front of the incident pulse.
It is convenient to keep in mind some numerical estimations. If a gaseous layer ͑air͒ is surrounded by a denser medium ͑water͒, Ϸ3•10 Ϫ4 , the parameter aϭ1 corresponds to the ratio h/t 0 ϭ20 cm/s. For example, the width of a layer hϳ0.01 cm corresponds to a duration of the probing pulse in the order of 0.5 ms.
In Fig. 3 the reflected and transmitted pulses are shown for the same parameters a, as in Fig. 2 , but for a Gaussian incident wave
see the dashed line in Fig. 3͑a͒ . The main peculiarities of the pulse response exhibited in Fig. 2 can also be seen in Fig. 3 . It should be emphasized that the simple analytical results ͑22͒-͑24͒ shown in Figs. 2 and 3 are derived with account for both inequalities ͑1͒. The small parameters ͑1͒ are presented in all solutions in the form of a ratio, equal to a ϭ2c 0 t 0 /h for pulse signals, and aϭ2c 0 /h for harmonic signals. This ratio of two small numbers can be arbitrary in magnitude.
If the ratio of impedances ͑1͒ is very small and a →0, it follows from the solution ͑23͒, ͑24͒ that p t (t)→0, and p r (t)→Ϫp i (t); this limiting case corresponds to reflection from a free boundary. In the opposite situation, if the thickness h of the layer is very small and a→ϱ, it follows from ͑23͒, ͑24͒ that p t (t)→p i (t), and p r (t)→0; this second limit corresponds to complete transmission of the incident wave through the layer.
When assuming a temporal dependence of p i , p r , and p t of the form exp(Ϫit), the transmission and reflection coefficients are calculated to be
͑29͒
One can see that the high frequencies in the pulse spectrum are reflected quite well, because K r →Ϫ1 at →ϱ. So, the steep leading front of the rectangular incident pulse reflects completely from the layer, as is shown in Fig. 2͑b͒ . The last linear example is devoted to the response of a layer to a sinusoidal incident pulse of finite duration, 0Ͻt As distinct from monopolar incident pulses, the notation for a is here aϭ2c 0 /h. When t 0 →ϱ and atӷ1, the result is a steady-state harmonic response
͑31͒
The amplitude of the transmitted wave decreases with increase in frequency ͑from p 0 to 0͒. The amplitude of the reflected wave increases monotonically and tends to p 0 when →ϱ.
IV. WEAKLY NONLINEAR THIN LAYER
If the width of the layer h is small in comparison with the wavelength, the inner pressure will be equal to the outer one; in other words: the connection ͑27͒ is true also for the nonlinear deformation of the layer 
The boundary conditions ͑8͒ and ͑10͒ for the particle velocity will be expressed as
͑33͒
It follows from ͑32͒ and ͑33͒ that the difference of velocities equals u͑h,t ͒Ϫu͑ 0,t ͒ϭ
On the other hand, the nonlinear dependence u( p) can be written by means of the linear equation of discontinuity, used at the derivation of ͑2͒, and the nonlinear ''equation of state'' ͑3͒
For a thin layer ͑35͒ takes the form
We hereafter symbolize the inner field p II ϵp. As ͑34͒ is equal to ͑36͒ we derive the nonlinear equation for the inner field
The new equation ͑37͒ is a generalization of ͑22͒ when taking into account the nonlinear properties of the layer. If the inner field p(t) is known, the reflected and transmitted pulses are known as well
For weak nonlinearity, the function f can be modeled by a series expansion
where ⑀ and are the coefficients of quadratic and cubic nonlinearities, respectively. In this case, ͑37͒ can be solved by the successive approximation method: pϭ p (1) ϩ p (2) ϩ¯. Taking into account only the quadratic term in ͑39͒, we obtain a pair of equations for p (1) and p
͑41͒
Equation ͑40͒ coincides in the first approximation with ͑22͒ for the linear transmitted wave p t . The second-order response is described by an analogous equation, but the ''driving force'' in the right-hand side of ͑41͒ is determined by the 1st approximation solution p (1) , instead of the incident pulse p i in Eq. ͑40͒.
It follows from ͑41͒ that the nonlinear pulse is described by the function p (2) (t) whose integral area equals zero. If the monopolar incident pulse has rectangular form, one can calculate the nonlinear response using the solution for p t (t) ͓see Fig. 2͑a͔͒ 
͑42͒
Here, the parameter ϭt/t 0 and aϭ2c 0 t 0 /h. The profiles of the bipolar nonlinear pulse ͑42͒ are shown in Fig. 4 for different values of a. Using the solution ͑30͒ as the first approximation, we derive the steady-state nonlinear response to a sinusoidal pulse
It is important at this point to evaluate the amplitude of the nonlinear response ͑43͒. It reaches its maximum value at
This is a nonresonant and smooth maximum caused by competition between nonlinear growth of p (2) and the inner field which decays more rapidly with increase in frequency. In the absence of an air layer, a corresponding thin layer of another homogeneous medium can generate a weak second harmonic with the amplitude 15   FIG. 4 . Weak nonlinear response to rectangular incident pulse. The linear part of response is shown in Fig. 2 .
This formula can be easily derived from the Bessel-Fubini solution ͑see, for example, Refs. 1 and 15, p. 31͒, or from Riemann solution at distances h small in comparison with shock formation distance. The ratio of amplitudes ͑44͒ and ͑45͒ can reach its maximum possible value
at 0 hϷ0.9.
For an air layer, surrounded by water, the ratio ͑46͒ is evaluated as 10 7 . The huge increase in the nonlinear properties of a medium containing highly compressible inclusions is impressive, but caution must be exercised in the interpretation of such estimates. For example, the ratio of maximum nonlinear response ͑44͒ to an incident amplitude p 0 can be in the order of 1 at pressure p 0 ϳ20 atm. Such pressure corresponds in water to a sound intensity of about 10 2 W/cm 2 , which is difficult to reach in normal high-power ultrasound experiments. However, there is no problem to form an acoustic pulse with a peak pressure on the order of several hundreds of atmospheres. 16 A plane cloud of floating bubbles is often used in experiments to create a highly nonlinear region in water. For this purpose, electrolytic decomposition of water molecules into hydrogen and oxygen can be utilized, as well as pumping of compressed air through orifices in a pipeline lying on the bottom. [1] [2] [3] Let the width h of the layer be less than the wavelength, and the volume concentration v of air be small. Then, the density of the bubbly liquid is about the density of pure water. It follows from ͑34͒ and ͑36͒ that
where the variation of density caused by the incident pulse p i is connected only with the compressibility of air
Here, n is the number of bubbles per unit volume, and V is the variation of the volume of a single bubble described by the equation ͑see, for example, Ref. 15, p. 160͒
The following notations are used here:
where R 0 is the equilibrium radius of the air bubble. Combining Eqs. ͑47͒-͑49͒, one can derive the equation governing the response of a bubble inside the layer for an incident pulse
The second term on the left-hand side of ͑51͒ is connected with energy lost in the excitation of reflected and transmitted waves. The Q-factor for the oscillatory system ͑51͒
is small in many instances, and then the second derivative can be eliminated. In this case the system ͑47͒-͑49͒ can be reduced to the equation
which differs in notations only from ͑37͒, accounting only for quadratic nonlinearity. The ratio of nonlinear responses ͑44͒ and ͑45͒ is described by an equation similar to ͑46͒, but its right-hand side must be multiplied by the volume concentration v of the gas. Consequently, the evaluation ͑46͒ for vϭ10 Ϫ4 gives an increase in nonlinearity of 10 3 times ͑in-stead of 10 7 indicated above͒. This value corresponds to measurements. 1 Considering the more exotic case when QϾ1, which means that a cloud of bubbles can execute free quasiperiodic oscillations, the power expansion (p) ͑39͒ must be replaced by a functional series of Volterra-Frechet type
͑54͒
which can be derived from ͑47͒-͑49͒. For example, if the incident pressure varies according to p i ϭ p 0 sin(t), the nonlinear response, in accordance with the equation of state ͑54͒, will be a vibration at the frequency 2
where
͑56͒
The second example of nonlinear layer illustrating the general approach is the contact between two rough surfaces of solids. 17, 18 It can be modeled by a thin layer whose linear and nonlinear elastic moduli are determined by a probabilistic distribution of micro-asperity height of w(l)
where E is Young's modulus of the solid, l 0 is the maximum height of micro-asperity, h 0 ( P) is the equilibrium thickness after, multiplying ͑75͒ by p i and integrating over d one obtains a dp d f ϭϪ
Making a series of measurement at different (p 0 ) n , the righthand side Q of ͑76͒ can be determined, and ͑76͒ takes the form
During measurements carried out in the linear regime ͑at small p 0 ͒ the right-hand side of ͑76͒ does not depend on p 0 . This fact makes it possible to determine the constant a. Then, at finite and large values of p 0 , after reconstruction of the function Q in a significant number of points, one can integrate ͑77͒ a dp Q͑ p,a ͒ ϭd f , ͑78͒
and restore the stress-strain relationship.
VI. CONCLUSIONS
Much attention has been given in the last few years to nonlinear evaluation of mechanical properties of materials containing mesoscopic inhomogeneities. There have been organized special conferences and special sessions ͑see, for example, Refs. 19 and 20͒ devoted to this problem. A great body of significant experimental data has been obtained, and new mechanical models for nonlinear properties of defective solids were developed.
Remote evaluation and testing includes the processing of acoustic signals scattered by linear or nonlinear inhomogeneities. Consequently, the nonlinear response of different internal defects must be studied.
The statement of the problem to which this paper is devoted is most simple: Find the nonlinear pulse response of a nonresonant layer to a plane incident wave. Because of this simplicity, both weak and strong nonlinear responses were studied in detail. These results can be used in qualitative analyses of more complicated scatterers and structures.
Moreover, this investigation line must be continued. First, the nonlinear responses of inhomogeneities having different shapes, internal structures, and physical properties have to be calculated. Second, the results for single inhomogeneities must be used for calculation of responses from ensembles of such scatterers. Third, direct data can be applied in the solution of inverse problems and nonlinear tomography.
The preliminary results of this work were delivered by Hedberg at the conference 20 and published as a brief communication.
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